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Abstract
This paper deals with the estimation of maximum displacements in single-degree-of-freedom
(SDOF) systems simulating typical steel structures by means of dimensional analysis. Peak
deformation demands in bilinear systems (representative of moment resisting frames) are
considered as well as additional pinching models depicting partially-restrained (PR) and
concentrically-braced (CB) frames subjected to a series of non-coherent acceleration records.
Particular attention is given to the identication of ecient length and time scales in non-
pulselike earthquake motions. The relative merits of incorporating the mean period of the
ground-motion (Tm), predominant period (Tp), signicant duration (tsig) as well as peak
ground acceleration (PGA), peak ground velocity (PGV ), root mean square acceleration
(aRMS), root mean square velocity (vRMS) and Arias Intensity (Ia) within the dimensionless
functional form are evaluated. When the normalized peak displacements of bilinear, PR
and CB oscillators are presented as a function of the normalized yield displacement and
dimensionless characteristic structural strengths (both total and at pinching intervals), a
clear pattern emerges and the response becomes self-similar. This paper demonstrates that
the use of the mean period (Tm) as a time scale produces consistently lower dispersion and
bias in the estimations of maximum displacements in comparisons with other ground-motion
time scales. Similarly, the root mean square acceleration (aRMS) is found to be the most
ecient amplitude-related parameter for the estimation of maximum displacements in bi-
linear and CB structures whereas the peak ground acceleration (PGA) is the most ecient
ground-motion parameter for the prediction of peak deformations in PR systems. Finally,
simple expressions for the assessment of displacement demands in steel structures based on
the most-ecient dimensionless master curves are proposed and veried.
Keywords: steel structures, dimensional analysis, earthquake displacement demands,
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1. Introduction
The estimation of peak displacements is of paramount importance in current earthquake
engineering practice in view of the strong correlation observed between deformations and
damage (structural and non-structural). In this respect, many studies have focused on the
prediction of maximum displacements in steel structures employing generic multi-storey
frames [17, 30] as well as equivalent single-degree-of-freedom (SDOF) systems [3, 32, 37].
Although the idealization of a multi degree of freedom structure as a SDOF system en-
tails the neglection of a number of dynamic phenomena such as the contribution of higher
modes, it has been recognised that equivalent SDOF models can provide a good basis for the
estimation of global demands in building structures [27, 31, 35]. Accordingly, recent recom-
mendations for the evaluation of maximum drifts in buildings are based on such equivalent
SDOF representations [5, 13].
The most widely-used methods for the evaluation of peak structural deformations have
traditionally followed either a seismic coecient approach or an equivalent linearisation
strategy. The seismic coecient method, also known as displacement modication method,
arrives at the response of a nonlinear structure by modifying the response of its elastic ideal-
ization through the application of a number of empirical coecients [12]. On the other hand,
equivalent linearisation procedures account for the inelastic behaviour of structures through
the use of equivalent linear systems with lower equivalent stiness and higher equivalent
viscous damping [1]. This latter approach forms the basis of the assessment procedures cur-
rently incorporated within European provisions [5, 6]. The underlying assumption in both
aforementioned methods is that an elastic structure can be employed to approximate the
response of the actual inelastic system.
A mathematically sound method that avoids any reference to an equivalent linear system
while making the most of the physics that guide the estimations of peak seismic displace-
ments can be formulated by virtue of formal dimensional analysis [2]. The use of dimensional
analysis in the context of presenting the response of nonlinear structures subjected to pulse-
like ground-motions was rst introduced by Makris and Black [22, 23] with reference to
rigid-plastic, elastoplastic and bilinear oscillators. It was shown that for given values of
dimensionless yield displacement the maximum relative dimensionless deformations become
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self-similar and follow a single master curve. The concept of self-similarity was latter applied
by Makris et al. [24] and Karavasilis et al. [19] to the estimation of inelastic demands in
rst-mode dominated structures behaving as elastoplastic systems and multi-storey regular
Moment Resisting Frames (MRF) under various pulse-type excitations. The method rests
upon the existence of characteristic length and time scales that mark the main energetic com-
ponent of the earthquake excitation. These distinct scales emerge naturally from records
with coherent pulses and mathematical procedures for their objective identication have also
been suggested [39]. By contrast, the determination of adequate time and length scales from
non-coherent earthquake ground-motion series is less well dened and there is a dearth of
information regarding their relative merits. Dimitrakopoulos et al. [9] and Karavasilis et al.
[18] explored the possibility of extending the application of dimensional analysis to the study
of elastoplastic and bilinear systems under excitations without distinguishable pulses. These
studies employed the mean period from the Fourier transform of the acceleration series (Tm)
together with peak acceleration and velocity values as characteristic ground-motion param-
eters. Although the estimated inelastic response quantities were found to be in superior
agreement with the results of nonlinear response history analysis than previously published
estimations, the necessity of further work towards the identication of more eective time
and length scales in non-coherent recordings was recognised [18]. Furthermore, a system-
atic comparison of the relative merits of the use of one time or length scale over others in
the context of dimensional response analysis has not yet been carried out, particularly for
Partially-Restrained (PR) and Concentrically-Braced (CB) structures.
Most of the available studies on displacement demand estimations are based primarily on
bilinear systems with very few investigations considering pinching behaviour as experienced
by steel structures. Even those studies that include varying levels of pinched response re-
main typically interested in reinforced concrete structures where important levels of strength
deterioration are normally observed [14, 33, 37]. However, such levels of concurrent pinch-
ing and deterioration dier notably from the pinched hysteresis of typical PR steel systems
where no signicant deterioration in strength is evident up to considerably high levels of
deformation demand [11, 20, 26]. Besides, the tension elongation and compression buckling
of bracing members in CB structures induce several levels of pinching behaviour which are
typically unaccompanied by major strength degradation and can also build characteristic
dynamic eects which warrant specic consideration [10]. To this end, Karavasilis et al. [16]
performed an extensive statistical study on X-braced steel buildings subjected to ordinary
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ground-motions and proposed simple formulae for estimating their global and local drift and
ductility demands. Similarly, Malaga-Chuquitaype and Elghazouli [27] examined the inelas-
tic response of CB structures under constant relative strength scenarios and developed non-
iterative equivalent linearization expressions for assessing their peak deformations. These
studies have provided considerable insight into the inelastic response of braced structures
subjected to earthquakes. However, as is also the case for PR systems, formal dimensional
analysis has not been applied to the study of the seismic response of CB frames and no
conclusive evidence has been oered regarding the relative merits of incorporating dierent
ground-motion parameters in the estimation of maximum deformations in CB structures.
In light of the above discussion, this paper seeks to oer a detailed dimensional character-
ization of the displacement response of steel structures with emphasis on pinching SDOFs
representative of PR and CB steel frames subjected to non-coherent earthquake records.
Particular attention is given to the assessment of the eectiveness of alternative time and
length scales comprising a number of earthquake parameters such as: mean period (Tm),
predominant period (Tp), signicant duration (tsig), peak ground acceleration (PGA), peak
ground velocity (PGV ), root mean square acceleration (aRMS), root mean square velocity
(vRMS) and Arias intensity (Ia). Finally, a set of simplied expressions for the assessment of
displacement demands in steel structures is proposed on the basis of the most ecient self-
similar dimensionless master curve. The application of the proposed method to a 6-storey
and a 2-storey CB buildings is also illustrated.
2. Dimensional response analysis
The maximum displacement (umax) experienced by a bilinear structure of xed post-
elastic stiness subjected to earthquake loading is a function of its structural strength (Fp),
mass (m), yield displacement (uy) and a ground-motion time scale (Tg =
2
!g
) and length
scale (Lg), where !g is the characteristic frequency of the ground-motion and Lg is a measure
of its persistence [39]. Therefore:
umax = f (Fp;m; uy; Lg; !g) (1)
Likewise, in the case of PR and CB structures with pinched hysteretic behaviour an
additional parameter (Fs) should be included to represent the reduced structural strength
during pinching intervals, as a result:
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umax = f (Fp; Fs;m; uy; Lg; !g) (2)
It should be noted that the seven variables appearing in Equation 2 involve only three
reference dimensions (i.e. length [L], mass [M] and time [T]). Therefore, according to Buck-
ingham's -theorem if an equation that involves k variables is dimensionally homogeneous,
it can be reduced to a relation between k   r independent dimensionless  products where
r is the number of reference dimensions. Since there is no formal restriction in the choice
of dimensionally independent repeating variables, the length and time scales of the ground-
motion are selected herein for normalization purposes and Equation 2 reduces to:
u =  (p;y;s) (3)
where:
u =
umax
Lg
(4)
p =
Fp
mLg!g
(5)
y =
uy
Lg
(6)
s =
Fs
mLg!g
(7)
Equation 3 suggests that the peak dimensionless displacement (u = umax=Lg) is a func-
tion of the the dimensionless structural strength (p = Fp=mLg!g), the dimensionless yield
displacement (y = uy=Lg), and the dimensionless specic strength during pinching inter-
vals ( s = Fs=mLg!g).
Figures 1c and 1d present the self-similar response spectra for a CB oscillator with pinch-
ing strength s = 0:15p subjected to the Loma Prieta and Kobe earthquakes, respectively,
scaled to dierent intensities. These curves collapse to a single master curve when expressed
in terms of the peak dimensionless displacement (u) as a function of the dimensionless
strength (p) as can be seen from Figures 1e and 1f. The ground-motion length and time
scales adopted are Lg = aRMS=!
2
g and Tg = Tm, where aRMS is the root mean square ac-
celeration and Tm the mean period of the ground-motion. The response of CB structures
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with y = 26 is considered. It can be seen from Figures 1e and 1f that, for a constant yield
displacement, the peak displacement increases as the structural strength decreases regard-
less of the ground-motion employed. Nonetheless, these trends are not apparent when the
response is presented in terms of the most commonly used ductility spectra (Figures 1g and
1h). Importantly, dimensionless curves assume a similar form regardless of the substantial
dierences between the two ground-motions employed (see Figures 1a and 1b). This obser-
vation warrants the use of a single response master curve for the estimation of maximum
displacements (u) in pinching steel structures which decays with p and scales up with y.
The following section describes the structural models and ground-motion database employed
to perform the statistical studies for the determination of such master curves.
3. Structural systems and earthquake ground-motions
This section describes the structural models employed and their corresponding hysteretic
characteristics. In addition to PR and CB systems, this paper also refers to bilinear struc-
tures with post-yield stiness of 2% and 5% inherent viscous damping as representative of
MRF for completeness.
3.1. PR Pinching Model
The response of Partially-Restrained (PR) steel structures is represented in this study
by means of the Modied Richard Abbott model as proposed and validated by Nogueiro et
al. [34]. This histeretic model is constructed between two limiting curves of the Richard
Abbott type [36] that serve as upper and lower bounds to the response. Figure 2 shows the
boundary curves as characterized by their initial stiness (k) and strength capacities (Fp
and Fs). Figure 2 also depicts the corresponding bilinear approximation of the Modied
Richard Abbott backbone. The transition from the lower to the upper curve depends on a
shape parameter (t) dened as [34]:
t =

(=lim)
t1
(=lim)t1 + 1
t2
(8)
where  is the deformation while t1, t2 and lim are experimentally calibrated parameters.
A constant pair of (t1; t2) = (15; 0:5) was employed following the observation of Malaga-
Chuquitaype and Elghazouli [27] who noted that the variation of t1 and t2 over a practical
range does not introduce notable dierences in the estimations of mean peak displacements.
Similarly, the parameter lim is related to the maximum deformation (umax) via a constant
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C taken as 1 in the current study in accordance with values reported for several connection
details [34]. A fully symmetrical hysteresis was assumed for both bounding curves with con-
stant post-elastic stiness ratios of 15% in all cases. Besides these parameters, the Modied
Richard Abbot model [34] requires the denition of the following secondary variables to
unambiguously dene the response of PR pinching systems: i) an essentially non-degrading
response was assumed for which the degradation related parameters ik and im were set to 10
and 0.01, respectively, ii) values of 2 and 1 were used for the factors (nupper and nlower) gov-
erning the shape of the upper and lower bound curves, respectively, and iii) the parameter
H which denes the level of isotropic hardening was set to 0.01. More detailed information
on the Modied Richard Abbott model can be found in [34].
3.2. CB Pinching Model
Figure 3 depicts the Concentrically-Braced (CB) oscillator used in this study. Pin-ended
rigid members form a 1-storey 2-bay CB frame braced by two diagonal elements. The struc-
ture was modelled in OpenSees [29] with due account for geometric and material nonlineari-
ties. A ber-based buckling element approach was employed to model the bracing members
as proposed by Uriz and Mahin [38]. Importantly, Dicleli and Calik [8] have demonstrated
that the axial force-deformation response of a brace can be constructed based solely on its
physical properties such as length, strength, exural stiness and out-of-straightness imper-
fection. In this regard, DAniello et al. [7] have shown that the formulation used to dene
the out-of-straightness aects the estimation of drift demands in CB frames, especially at
large deformation levels. In this study, a constant sinusoidal denition of out-of-straightness
was employed in all cases with a maximum imperfection at mid-span of 1/200 the brace
length.
In order to derive the corresponding master curves, the storey shear force-deformation of
the CB frame described above (Figure 3b) was considered in conjunction with dimensional
analysis. It can be observed from Figure 3b that no signicant post-elastic stiness is present
in the response of the system and therefore the analysis will only involve the mechanical
properties Fp, Fs and uy. Therefore, the dimensional parameters associated with the CB
response are those dened in Equations 3 to 7.
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3.3. Ground-motion dataset and analysis scope
Table 1 summarizes the catalogue of earthquakes used in the present study. A total of 100
records from 27 earthquakes with magnitudes Mw ranging from 5.65 to 7.51, and distances
ranging from 6.28 to 293 km were employed. The acceleration records were obtained from
the PEER-NGA database (http://peer.berkeley.edu/nga) and involve dierent site classes
(according to the NEHRP classication). The numbers in parenthesis under the heading
NEHRP site class represent the number of records associated with each soil site group. It
is worth noting that Site Class C in the NEHRP provisions (with 360 < vs;30 <760 m/s)
is generally equivalent to Ground Type B as dened in Eurocode 8 (with 360 < vs;30 <800
m/s). Similarly, NEHRP Classes D and E are broadly equivalent to Ground Types C and
D in Eurocode 8 [5]. Special attention was given to the lowest usable frequency in order to
avoid undesired noise and ltering eects. More detailed information on the selected records
can be found elsewhere [25, 27].
Peak displacement demands were obtained for SDOF systems with 5% viscous damp-
ing subjected to the above mentioned ground-motions. It should be noted that on the
basis of the property of self-similarity (established above for PR and CB systems) either
ground-motion scaling or structural properties variation could be performed and the former
approach was preferred herein for purely practical batch-processing reasons. To this end,
the acceleration records were scaled to peak ground acceleration levels between 1.1 and 5
times the corresponding acceleration at yield at unit intervals. Structural analyses were per-
formed on bilinear systems as well as on PR and CB frames with levels of pinching varying
between s=p = 0:15 and s=p = 0:60 in PR systems, and between s=p = 0:10 and
s=p = 0:35 in CB structures. These levels of pinching correspond to those usually ob-
served in PR connections and CB frames [26]. To this end, braces of normalized slenderness
ranging from  = 0:9 to  = 2:1 were employed where  =
q
Afy
Ncr
, and A is the brace area,
fy the yield strength and Ncr is the Euler buckling load. It should be noted that only square
hollow section members of cross-section Class 1 according to Eurocode 3 [4] were used as
diagonal braces. Structures with elastic periods ranging from 0.05 second to 3.5 seconds at
average 0.05 second intervals were considered. In total, more than 140 000 response history
analyses were performed and the results were examined by means of dimensional analysis
as detailed in the following sections.
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4. Functional forms considered
There is limited theoretical constraint for the denition of the functional form that de-
scribes the dimensionless peak displacement master curve. To this end, standard regression
procedures were employed for the identication of the most appropriate expressions. A
preliminary study was performed on a number of potential functional forms guided by an
analysis of their residuals and only the most eective expressions are discussed below. Fur-
thermore, in order to reduce the model dependency of the results as well as to facilitate
the comparison between alternative ground-motion time and length scales, a single best-
performing expression was selected for each structural typology under consideration (i.e.
bilinear, PR and CB frames).
It was shown above, with reference to bilinear oscillators, that the dimensionless maxi-
mum displacement increases as the structural strength decreases while scaling up in direct
proportion to the dimensionless yield displacement. Furthermore, this pattern was observed
to emerge irrespectively of the ground-motion employed. Consequently, the following ex-
pression can be proposed to approximate the response of bilinear systems :
lnu = c0 + c1lnp + c2lny + c3 (lnplny) (9)
where c = fc0; c1; c2; c3g is a set of regression parameters. The dimensionless parameters
were found to be well represented by a log-normal distribution and therefore a logarithmic
transformation was applied in Equation 9.
As an alternative to Equation 9 a power law can be employed and a dierent functional
form can be formulated as [24]:
u =
 
c0 + c1
c2
y

c3p (10)
As before, the set c = fc0; c1; c2; c3g is a set of parameters to be determined by nonlinear
regression analysis. In eect, Equation 10 was initially proposed by Makris and Psycho-
gios [24] to dene the response of structures under pulselike records and latter employed by
Karavasilis et al. [18] to characterize the response of bilinear oscillators under non-pulselike
ground-motions.
Figures 4a and 4b compare the estimations of Equations 9 and 10 against the response of
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all bilinear oscillators subjected to the ground-motion database previously described. The
peak displacement in both cases has been normalized by Lg = PGA=!
2
g and Tg = Tm as pro-
posed by Karavasilis et al. for non-pulselike records [18]. Although both expressions follow
the same trend, it is evident from Figures 4a and 4b that Equation 10 assumes a sharper
descent at lower values of normalized strength (p) and is appreciably over-conservative at
larger normalized strength levels. Figure 4c compares the estimated and calculated responses
of bilinear oscillators with y = 1. The solid lines in Figure 4c denote the median model
predictions following Equations 9 and 10. Similarly, the markers represent the binned means
while the shaded region marks the associated 95% condence interval. This gure illustrates
the improved performance of Equation 9 over against Equation 10 along the full range of
u and p values for the ground-motion database under consideration. Therefore, Equation
9 will be employed herein for the assessment of the eciency of alternative ground-motion
time and length scales in bilinear systems. Similarly, the functional form adopted for the
dimensionless master curve of partially-restrained PR systems is:
lnu = c0 + c1lnp + c2lny + c3lns + c4 (lnplny) + c5 (lnplns) (11)
whereas the corresponding master curve for concentrically-braced CB frames can be ex-
pressed as:
lnu = c0 + c1lnp + c2lny + c3ln (p   s) + c4 (lnplny) (12)
The functional form proposed for the prediction of maximum normalized displacements
in PR structures (Equation 11) is an extension of the expression previously suggested for
bilinear systems (Equation 9), but with the inclusion of additional terms that take into
account the inuence of the dimensionless strength during pinching intervals (s). Likewise,
the functional form proposed for CB structures (Equation 12) includes an additional linear
term that considers the dierence between the overall strength and the strength during
pinching intervals caused by the accumulation of nonlinear deformations in the bracing
members (p s). This dierence between total and punching strengths can be estimated
by means of available physically-based bracing models [8]. It should also be noted that an
additional term of the form cn (lnplns) was initially considered in Equation 12 but the
resulting regression coecients associated with it were found to be statistically insignicant
in most cases and the term was therefore disregarded. Table 2 outlines the functional forms
employed in this study for bilinear, PR and CB structures.
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5. Eciency of alternative time and length scales
Ground-motion time and length scales have been used in the previous sections to normal-
ize the response of steel structures so as to reveal the property of self-similarity. These scales
are an expression of the persistence of the earthquake to cause nonlinear behaviour in the
structure under consideration. Accordingly, relevant time and length scales arise naturally
from the period and amplitude of the most energetic pulse in near-fault excitations [24].
However, when the structural response to motions without predominant pulses is of interest
the identication of appropriate time and length scales is not straightforward and there is a
dearth of information regarding their selection. This section evaluates the relative eciency
of several ground-motion parameters from non-coherent records to be used in dimensional
analysis. Since dimensionally homogeneous relationships expressing the behaviour of steel
structures can be formed by involving only three reference dimensions (i.e. time [T], mass
[M] and length[L]), attention is placed on parameters that are consistent with that dimen-
sional space and that would ideally be dened in terms of time and acceleration or velocity
units. Table 3 summarizes the ground-motion time and length scales considered in this
study. In total, three alternative time scales and ve length scales are studied involving:
the mean period, Tm, predominant period, Tp, and signicant duration, tsig, as well as the
peak ground acceleration, PGA, peak ground velocity, PGV , root mean square acceleration,
aRMS, root mean square velocity, vRMS, and Arias intensity, Ia. A total of eleven models
were studied for each functional form as summarized in Table 3. All parameters presented
in Table 3 have unambiguous physical meaning and are easy to estimate. The following
subsections give a brief description of each parameter included in Table 3.
5.1. Time scales
The mean period, Tm, is an indicator of the predominant frequency content of an earth-
quake record. It is calculated by weighting the amplitudes of the Fourier Spectrum as
follows:
Tm =
Pn
i=1 1=fi
2
iPn
i=1 
2
i
(13)
where i is the Fourier amplitude coecient at frequency fi with 0:25Hz  fi  20Hz and
fi = 0:01Hz. Similarly, the predominant period, Tp, is dened in this study as the period
at which the Fourier amplitude is maximum throughout the full period range. Finally, the
signicant duration, tsig, is estimated as the time interval over which the portion between 5%
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and 95% of the total Arias intensity (Ia) of the record is accumulated. Previous studies have
demonstrated that there is no clear correlation between peak structural response parameters
and earthquake duration [15]. Therefore, the signicant duration was only employed in
conjunction with the Arias intensity (i.e. in model E2 in Table 3) in attention to their
direct physical interrelation. It is also important to note that, although previous studies [27]
have shown signicant enhancements in the response prediction achieved by employing a
frequency content indicator, Tg, dened as the period at which the maximum input energy
is attained, such time scale was not considered in this study due to its dependency on an
equivalent elastic SDOF oscillator during the calculation of the energy spectra. The same
consideration applies to other response spectral quantities.
5.2. Length scales
Makris and Black [21] concluded that for near-eld records the Peak Ground Acceleration
(PGA) is a more representative intensity measure of the earthquake shaking than the Peak
Ground Velocity (PGV), where PGA is dened as the maximum value in the acceleration
series (a(t)):
PGA = maxja(t)j (14)
and PGV is the maximum value in the velocity series (v(t)):
PGV = maxjv(t)j (15)
On the other hand, PGV has been considered as a better measure of earthquake intensity
than PGA by Ye et al. [40] in light of its direct relationship with the seismic energy demand.
Both PGA and PGV are evaluated in this study.
Other ground-motion parameters considered herein are the Root Mean Square Acceler-
ation (aRMS) calculated as:
aRMS =
s
1
td
Z td
0
[a(t)]2 dt (16)
where td marks the integration interval over which aRMS is calculated which in this case
is assumed to be the total length of the record. Similarly, the Root Mean Square Velocity
(vRMS) can be determined as:
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vRMS =
s
1
td
Z td
0
[v(t)]2 dt (17)
Finally, the Arias Intensity, which is the most extensively used ground-motion measure
of energy content, was also considered:
Ia =

2g
Z td
0
[a(t)]2 dt (18)
where g is the acceleration of gravity.
5.3. Comparative assessment
An ecient pair of ground-motion time and length scales would enable the peak dimen-
sionless displacement to be determined with greater condence and using fewer analyses
while keeping the bias in the central estimate low. This section evaluates the relative merits
of considering a particular pair of time and length scales over others when performing di-
mensional analysis on bilinear, PR and CB structures subjected to non-pulselike earthquake
actions. To this end, two eciency indicators are employed as the basis for comparisons:
(i) the Overall Normalized Error, E, estimated as [24]:
E =
1
N
NX
j=1
ju   ^juju
 (19)
where N is the number of responses analysed, ju is the calculated displacement and
^ju is the displacement resulting from the predictive master curve (Equations 9, 11 or
12 for bilinear, PR or CB systems, respectively), and
(ii) the Interquiartile-Range (IQR) calculated as the dierence between the upper and
lower quartiles of the error distribution which is a measure of statistical dispersion of
the dierence between calculated and estimated values of peak displacement.
The corresponding statistical results are presented and discussed below for bilinear, PR and
CB systems.
Bilinear systems
Table 4 summarizes the performance indicators obtained for all regression models on
bilinear oscillators while Figure 5 plots the comparisons between the model estimations and
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the individual calculated responses. The cloud of points in Figure 5 represent the analytical
results while the continuous lines depict the model predictions. All regression coecients
for each of the eleven models reported in Table 4 were found to be statistically signicant.
The model description in Table 4 follows the format BL-model where BL stands for bilinear
system and model indicates the corresponding model name as detailed in Table 3. Equa-
tion 9 (see Table 2) was employed in all cases.
It can be seen from Table 4 and Figure 5 that Model BL-C1, which considers Tm and
aRMS as ground-motion parameters, presents the best combination of low variability in the
error estimate with small error bias. It is also worth noting that the Overall Normalized
Error of Model BL-C1, E = 0:27, is lower than the Error of E = 0:45 found in previous
studies [18] on bilinear oscillators with the same period range considered herein subjected
to non-pulselike actions. Therefore, this study recommends the use of Model BL-C1 for the
estimation of dimensionless peak displacements in bilinear systems. The regression coe-
cients obtained for Model BL-C1 are presented in Table 5.
PR systems
Figures 6 and 7 show the comparisons between the dimensionless response estimations
for PR systems denoted by the continuous curves and their corresponding calculated values
for the range of models and ground-motion parameters under study. The values of IQR
and E associated with each model PR master curve model are compared in Table 6. The
model description in Table 6 follows the format PR-model where PR stands for partially-
restrained and model corresponds to the model name as indicated in Table 3. Equation 11
(see Table 2) was employed and all terms were found to be statistically signicant in all cases.
It is clear from Table 6 that Model PR-A1, which incorporates Tm and PGA as ground-
motion parameters, is the best performing model with an Overall Normalized Error of
E = 0:11 and a relatively low dispersion (IQR = 0:77). In contrast, the introduction
of the root mean square acceleration (aRMS) in the denition of the ground-motion length
scale, as is the case of Model PR-C1, produces a comparable error dispersion (IQR = 0:73)
but more than a two-fold increment in the Overall Normalized Error (E = 0:28) with respect
to Model PR-A1. Similar performance (i.e. analogous error variabilities and higher error
biases) is observed when the root mean square velocity (vRMS) is assumed as characteristic
ground-motion parameter in Models PR-D1 and PR-D2. It is also evident from Table 6 that
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enhanced predictions are achieved by considering the mean period (Tm), as opposed to the
predominant period (Tp), in virtually all cases. The only exception is model PR-E2 which
reaches a smaller error bias (E = 0:19) when compared to model PR-E1 (E = 0:24). Finally,
the Arias intensity (Ia) appears to be the least ecient parameter leading to estimates with
high error variability (IQR  1). This is clearly seen from Figures 6i to 6k where the use
of Ia is unable to reveal the property of self-similarity in the response of PR structures.
In light of the above results and discussion Model PR-A1, which regression coecients
are presented in Table 7, is recommended for the estimation of peak displacements in PR
structures. Figure 7 shows the performance of model PR-A1 for PR structures with y = 1
against the dataset used for its development. The solid lines denote the median model pre-
dictions while the dashed lines show the plus and minus one standard deviation from the
model. The markers represent the binned means while the shaded region encompasses the
associated 95% condence interval. The comparisons presented in Figure 7 provide assur-
ance that the model is able to predict the general trends in the PR response with reasonable
accuracy.
CB systems
The dimensionless response estimates for CB structures (solid curves) as well as their
calculated values (markers) are depicted in Figures 8 and 9 whereas Table 8 presents the
corresponding IQR and E values. As before, the model description in Table 8 follows the
format CB-model where CB indicates concentrically-braced frames and model denotes the
model as dened in Table 3. Equation 12 (see Table 2) was employed for all models and
all regression terms were found to be statistically signicant in each of the eleven models
analysed.
It can be appreciated from Table 6 that Model CB-C1, with Tm and aRMS as ground-
motion time and length scales, presents the smallest overall error (E = 0:22) coupled with
the smallest variability (IQR = 0:66). The next best performing model is Model CB-D1
which incorporates the vRMS as ground-motion parameter with a comparable normalized
error (E = 0:24) but higher variability (IQR = 0:74). The eectiveness of Tm and aRMS in
revealing the self-similar response of CB structures can be corroborated with reference to
Figure 8 where Model CB-C1 (Figure 8e) displayes the most compact and ordered response
of the set.
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Considering the previous discussion, the use of Tm and aRMS (Model CB-C1) in the
estimation of dimensionless peak displacements is recommended. The regression coecients
associated with Model CB-C1 are presented in Table 9. The ability of this model to repre-
sent the dimensional response of concentrically braced frames can be further veried with
reference to Figure 9 where the estimates of model CB-C1 for structures with y = 1 are
ploted. Also presented in Figure 9 are the the binned means of the calculated data, repre-
sented by the markers, as well as the 95% condence interval region denoted by the shaded
area. A good correspondence is observed between the estimated parameters and the data
trends in Figure 9 which provides condence in the accuracy of the proposed master curve.
6. Case studies
In order to illustrate the use of the proposed master curves, the assessments of a 6-storey
and a 2-storey CB frames are presented as examples. The 6-storey building was designed
and modelled by Malaga-Chuquitaype et al. [28] and has an initial period of T = 1:1 sec-
onds and a mass of 1085350 kg while the two-storey frame has an initial period of T = 0:22
second (obtained from Eigenvalue analysis) and a mass of 43100 kg. The slenderness of
the rst-storey braces are  = 1:1 for the 6-storey building and  = 1:3 for the 2-storey
frame. Figure 10c presents the base shear versus top drift relationship for the buildings
under consideration as obtained from a monotonic incremental nonlinear analysis employing
an inverted triangular force distribution along the height. Also shown in Figures 10a and
10b are frontal views of the 6-storey and 2-storey structures, respectively. The response to
El Centro record with Tm = 0:986 seconds is considered as an example. The record was
scaled to have a PGA over acceleration at yield equal to 3, which corresponds to Root Mean
Squared Accelerations of aRMS = 2:64g and aRMS = 0:93g for the 6-storey and 2-storey
buildings, respectively [28].
With the above values the dimensionless overall strength of the 6-storey frame can be
calculated as p =
Fp
mLg!g
= 3167(1000)
1085350(6:37)0:065
N s2
kg m
= 7:04. Similarly, its dimensionless yield
displacement can be estimated as p =
uy
Lg
= 0:089
0:065
= 1:375. Finally, by assuming a dimen-
sionless strength at pinching intervals equal to s = 0:225p (obtained from cyclic analyses
on the axial response of the bottom storey braces) and considering the regression coecients
of Table 9, Equation 12 yields lnu = 2:786. Therefore: u =
umax
Lg
= 16:218 from where
umax = uLg = 16:218(0:065) = 1:06m to be compared with the 1.02 m obtained from
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rened nonlinear response history analysis [28].
Similarly, in the case of the 2-storey building the dimensionless total strength is p =
Fp
mLg!g
= 870(1000)
43100(6:37)0:0228
N s2
kg m
= 138:9. Similarly, the corresponding dimensionless yield dis-
placement is p =
uy
Lg
= 0:025
0:0228
= 1:085. If a dimensionless strength at pinching inter-
vals equal to s = 0:2p is assumed (in accordance with results of cyclic analyses on the
bottom storey braces), the dimensionless peak displacement from Equation 12 is obtained
u =
umax
Lg
= 2:676 from where umax = uLg = 2:676(0:0228) = 0:06m comparable to the
0.08 m obtained from detailed nonlinear response history analysis. The above calculations
illustrate that a dependable estimate of maximum displacements can be obtained by means
of the master curves proposed in this study. However, the validity of the proposed model
needs to be examined further in future studies covering alternative acceleration records and
structures.
7. Concluding remarks
This paper has examined the application of dimensional analysis to the estimation of peak
displacements in steel structures. In addition to bilinear systems, representing moment re-
sisting frames, Modied Richard-Abbott models representative of partially restrained (PR)
frames, and ber-based models simulating concentrically-braced (CB) framed structures
subjected to non-pulselike earthquake records have been considered. Structural systems
that experience signicant second order eects with negative post-elastic stiness have not
been considered in this study. It was observed that when appropriate time scales and length
scales are used to normalize the strength, yield displacement and peak displacement of steel
structures, the response becomes self-similar and a clear pattern emerges. Particular at-
tention was given to the identication of ecient length and time scales in non-coherent
ground-motion records. A total of three alternative time scales including the mean period
of the ground-motion (Tm), predominant period (Tp) and signicant duration (tsig) as well
as length scales incorporating the peak ground acceleration (PGA), peak ground velocity
(PGV ), root mean square acceleration (aRMS), root mean square velocity (vRMS) and Arias
Intensity (Ia) were evaluated. In general, the mean period (Tm) was found to produce con-
sistently lower dispersion and bias than the other alternative time scales here studied. Also,
the mean square acceleration (aRMS) was clearly more eective in reducing the variability
and enhancing the accuracy of the predictions for bilinear and CB structures whereas the
peak ground acceleration (PGA) lead to better results in the case of PR systems. Ac-
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cordingly, three regression models were proposed for describing the dimensionless master
curves associated with the estimation of maximum displacements in bilinear, PR and CB
structures which response is not dominated by second order eects. The proposed master
curves have been shown to agree well with the data over the full range of dimensionless
parameters adopted. Validation against previous studies was limited due to the lack of re-
search on the dimensional response of PR and CB steel structures subjected to non-coherent
ground-motions. Nevertheless, comparisons with published expressions for bilinear systems
highlighted the reduced error achieved in the present study by a systematic evaluation of the
most adequate ground-motion time and length scales. However, further validation studies
are needed to cover a wider range of structural congurations and ground-motion properties.
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Tables
Table 1: Summary of earthquake ground-motions
Earthquake Magnitude Number of Distance [km] NEHRP
Mw records Min. Max. site class
1992 Cape Mendocino 7.01 4 10.36 53.34 C(2) D(2)
1986 Chalfant Valley-01 5.77 2 10.54 10.54 D(2)
1986 Chalfant Valley-02 6.19 2 14.33 14.33 D(2)
2002 Denali, Alaska 7.9 6 290.70 293.06 E(6)
1999 Duzce, Turkey 7.14 4 24.26 206.09 C(2) E(2)
1976 Friuli, Italy-01 6.5 2 20.23 20.23 C(2)
1976 Gazli, USSR 6.8 2 12.82 12.82 C(2)
1999 Hector Mine 7.13 2 52.29 52.29 C(2)
1979 Imperial Valley-06 6.53 4 22.65 30.35 D(2) E(2)
1980 Irpinia, Italy-01 6.90 4 22.65 30.35 B(4)
1952 Kern County 7.36 2 43.39 43.39 C(2)
1995 Kobe, Japan 6.90 2 25.40 25.40 B(2)
1999 Kocaeli, Turkey 7.51 6 47.03 112.26 A(2) B(2) E(2)
1992 Landers 7.28 2 44.02 44.02 C(2)
1994 Little Skull Mtn,NV 5.65 3 14.12 30.17 B(3)
1989 Loma Prieta 6.93 15 16.51 114.87 B(3) D(2) E(8)
1990 Manjil, Iran 7.37 2 37.90 37.90 C(2)
1984 Morgan Hill 6.19 2 38.20 38.20 D(2)
1986 N. Palm Springs 6.06 2 6.28 6.28 D(2)
1985 Nahanni, Canada 6.76 2 6.80 6.80 C(2)
2002 Nenana Mountain, Alaska 6.70 8 275.28 277.70 E(8)
1994 Northridge-01 6.69 12 18.99 45.77 A(4) B(8)
1971 San Fernando 6.61 2 31.55 31.55 C(2)
1986 San Salvador 5.80 2 9.54 9.54 D(2)
1987 Superstition Hills-02 6.54 2 29.91 29.91 D(2)
1978 Tabas, Iran 7.35 2 55.24 55.24 B(2)
1981 Westmorland 5.90 2 20.47 20.47 D(2)
22
Table 2: Functional forms employed
Structure (Model) Functional Form Equation
Bilinear (BL) lnu =
c0 + c1lnp + c2lny + c3 (lnplny)
(Eq. 9)
Partially-restrained (PR) lnu = c0 + c1lnp + c2lny +
c3lns + c4 (lnplny) + c5 (lnplns)
(Eq. 11)
Concentrically-braced (CB) lnu = c0 + c1lnp + c2lny +
c3ln (p   s) + c4 (lnplny)
(Eq. 12)
Table 3: Ground-motion time and length scales for alternative prediction models
Model Ground-motion Time scale Length scale
amplitude parameter Tg =
2
!g
Lg
A1 PGA Tm PGA=!
2
g
A2 PGA Tp PGA=!
2
g
B1 PGV Tm PGV=!g
B2 PGV Tp PGV=!g
C1 aRMS Tm aRMS=!
2
g
C2 aRMS Tp aRMS=!
2
g
D1 vRMS Tm vRMS=!g
D2 vRMS Tp vRMS=!g
E1 Ia Tm Ia=!g
E2 Ia Tp Ia=!g
E3 Ia tsig Ia=!g
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Table 4: Comparison of al-
ternative models. Bilinear
systems
Model E IQR
BL-A1 0.33 0.98
BL-A2 0.50 1.11
BL-B1 0.35 0.86
BL-B2 0.43 0.87
BL-C1* 0.27 0.80
BL-C2 0.93 1.06
BL-D1 0.32 0.74
BL-D2 0.42 0.78
BL-E1 0.73 1.09
BL-E2 0.60 1.14
BL-E3 0.48 1.13
* Recommended model
Table 5: Results of regression analyses for bilinear oscillators with
lnu = c0 + c1lnp + c2lny + c3 (lnplny), Tg = Tm = 2=!g, and Lg = aRMS=!
2
g
Model c0 c1 c2 c3 
BL-C1 2.607 -1.052 0.328 0.274 0.70
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Table 6: Comparison of al-
ternative models. PR sys-
tems
Model E IQR
PR-A1* 0.11 0.77
PR-A2 0.15 1.14
PR-B1 0.18 0.76
PR-B2 0.25 0.85
PR-C1 0.28 0.73
PR-C2 0.29 1.06
PR-D1 0.26 0.70
PR-D2 0.35 0.75
PR-E1 0.24 1.09
PR-E2 0.19 1.17
PR-E3 0.25 1.10
* Recommended model
Table 7: Results of regression analyses for PR oscillators with
lnu = c0 + c1lnp + c2lny + c3lns + c4 (lnplny) + c5 (lnplns),
Tg = Tm = 2=!g, and Lg = PGA=!
2
g
Model c0 c1 c2 c3 c4 c5 
PR-A1 -0.106 -0.867 0.522 -0.329 0.127 -0.167 0.661
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Table 8: Comparison of al-
ternative models. CB sys-
tems
Model E IQR
CB-A1 0.33 0.75
CB-A2 0.49 1.31
CB-B1 0.26 0.75
CB-B2 0.34 0.82
CB-C1* 0.22 0.66
CB-C2 0.44 1.19
CB-D1 0.24 0.72
CB-D2 0.31 0.82
CB-E1 0.47 0.99
CB-E2 0.46 1.12
CB-E3 0.43 1.17
* Recommended model
Table 9: Results of regression analyses for CB oscillators with
lnu = c0 + c1lnp + c2lny + c3ln (p  s) + c4 (lnplny) ,
Tg = Tm = 2=!g, and Lg = aRMS=!
2
g
Model c0 c1 c2 c3 c4 
CB-C1 3.869 -1.052 0.170 0.470 0.190 0.65
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Figure 1: Inelastic response of a CB system with y = 26, s = 0:15 p, Lg = aRMS=!
2
g and Tg = Tm
where Tm = 0:2s and 1:02s for the Loma Prieta and Kobe earthquakes, respectively
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Figure 5 (a-k): Dimensionless peak inelastic displacements for bilinear systems. The individual 
markers represent the actual calculated responses whereas the continuous curves correspond to the 
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Figure 6 (a-k): Dimensionless peak inelastic displacements for PR systems. The individual markers 
represent the actual calculated responses whereas the continuous curves correspond to the model 
estimations 
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Figure 7: Performance of the PR-A1 model against employed data for y = 1. The solid lines denote the
median model predictions whereas the dashed lines show the plus and minus one standard deviation from
the model. The markers represent the binned means while the shaded region marks the associated 95%
con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(b) Model CB-A2
 
 
  
0
1
2
3
4
5
6
7
8
9
10
0 0.5 1 1.5 2 2.5 3
Π
u
/(
ec
0
Π
y
c2
(Π
p
-Π
s)
c3
Π
p
c4
 l
n
Π
y
)
Πp
Πp
c1
-5 0 5
0
0.2
0.4
0.6
0.8 Histogram of residuals
(c) Model CB-B1
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(d) Model CB-B2
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(e) Model CB-C1
 
 
  
0
5
10
15
20
25
30
0 2 4 6
Π
u
/(
ec
0
Π
y
c2
(Π
p
-Π
s)
c3
Π
p
c4
 l
n
Π
y
)
Πp
Πp
c1
-5 0 5
0
0.2
0.4
0.6
0.8
Histogram of residuals
(f) Model CB-C2
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(g) Model CB-D1
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(h) Model CB-D2
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(i) Model CB-E1
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(j) Model CB-E2
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(k) Model CB-E3
Figure 8: Dimensionless peak inelastic displacements for CB systems.The individual markers represent the
actual calculated responses whereas the continuous curves correspond to the model estimations
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Figure 9: Performance of the CB-C1 model against employed data for y = 1. The solid lines denote the
median model predictions whereas the dashed lines show the plus and minus one standard deviation from
the model. The markers represent the binned means while the shaded region marks the associated 95%
condence interval
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Figure 10: Concentrically-braced frames adopted for validation
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